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INTRODUCTION

The concept of sermipen sets was introduced by Lev[5] in 1963. h 1982, Mashhour et ¢6] defined
a newclass of open sets which are weaker than operasdcalled it as prepen set. Combining these two
sets Shareef [8h 2007, introduce a new class of semi-open sets called as&m sets. "Bitopology" we
introduced by Kelly [1Jn 1963. His toplogy was defined by means of metridsater, instead of taking tt
topologies as by Kelly, researcher tried the stofipitopological spaces with any two topologies tbimg
the conditions on metrics. Almost all the propextt# classical topologies we studied using the pairwi
concept. Thivagar [2] in 199#lefined a new concept namely, 2) a-open setsBased on (1, : a -open sets,
Thivagar [3] in 2007, defined (1, 9m-open and (1, 2) pre-open satyd the main purpose of this article
to define and to generalize the 2)Sp-open sets in bitopological spaces.

1. PRELIMINARIES
We recallsome basic definitions and results which will bedus the next sectic

Definition 1.1. [2] Let A be a subset of a bitopologitspacéX, t;,t,). ThenA is said to be
i. T,7,-0penifd € T; UT,.

ii. ty7,-closed ifA€ € 7, U T,.

ii.  (1,2)a-open or ultraepen if A € 7, — Int(t;7, — Cl(7; — Int(4))), wheret; — Int(A4) is the
interior of A with respect to the topolocr; andt,t, — CI(A) is the intersection of ar,7,-closed
sets containind.

iv.  (1,2)aint(A) is the union of al(1, 2)x-open sets contained ih

V. (1,2)aCl(A) is the intersection of a(1, 2)a-closed sets containing
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The collection of all(1,2)a-open sets are denoted @y2)a0(X) and if this set forms a topology, th&n
is called an ultra space.
Definition 1.2. [4] A subsetd of X is said to be:
() (1,2) semi-open ifd € 7,1, — Cl(t; — Int(A)).
(i) (1,2)pre-open ifA € 7, — Int(t,T, — ClL(A)).
(iii) (1,2)regular-open id = 7, — Int(t1t, — CL(A)).

The collection of all (1,2)semi-open, (1,2)pre-open and (1,2)regular-open sets are denoted by
(1,2)S0(X), (1,2)PO(X) and(1, 2)RO(X) respectively.

Definition 1.3. [7] A subsetA of a spac€ is said to be:
() (1,2)a-closed ifr; — Cl (1,7, — Int(t, — CI(A))) € 4.
(i) (1,2) semi-closed it;7, — Int(7; — CL(A)) S A.
(i) (1,2) preclosed ifr; — Cl(z,7, — Int(4)) € A.
(iv) (1, 2) regular-closed il = 7, — Cl(7,7, — Int(4)).

The set of al(1, 2)a-closed,(1, 2)semi-closed(1, 2)pre-closed and (1,2)regular-closed sets are defined
in the usual sense and denoted @s2)aCL(X), (1,2)SCL(X), (1,2)PCL(X) and (1,2)RCL(X)
respectively. Also, for any subsdt of X, the (1,2)a-closure, (1,2)semi-closure, (1,2)pre-closure and
(1,2)reqgular-closure ofA is denoted ag1,2)aCl(A4), (1,2)SCI(A), (1,2)PCL(A) and (1,2)RCI(A)
respectively.

Remark 1.4. [7] For any subsets, B of X:

O 1, —Int(Ad) € 141, — Int(A) andt, — Int(4) € 1,1, — Int(A4).
(i) 747, —CI(A) € 11 — Cl(A) andty1, — CL(A) S T, — CL(A).

(i) ty7, —CL(ANB) € 147, — Cl(A) N 74T, — CI(B).

(iv) 17, —Int(A) U Ttyt, —Int(B) € 7117,(A U B).

v) (1,2)a0X) =(1,2)S0(X) n (1,2)PO(X).

Definition 1.5. [3] A bitopological spacé is called an ultrd’; - space if and only if for every distinct points
x,y € X, there exists &1, 2)a —open setz containingx but noty and(1, 2)a —open set containing but
notx.

Definition 1.6. [7] A bitopological spac# is said to b1, 2)a-hyperconnected if everi, 2)a-open set is
dense irX. That is,(1,2)aCl(A) = X for any(1, 2)a —open subsed of X.

Theorem 1.7. [7] A bitopological spac& is (1, 2)a-hyperconnected if and only {fL, 2)sCl(A) = X for
every non emptyl € (1,2)S0(X).

Definition 1.8. [7] A bitopological spac€X,t;,t,) is said to b1, 2)a-extremally disconnected if every
T,T,-Closure ofr;-open set ig;-open.

Theorem 1.9. [7] If a bitopological spacg is (1, 2)a-extremally disconnected, th€n,2)S0(X) forms a
topology onX.

2. (1,2)S,-open sets

In this section, we define the concept gioPen sets in bitopological spaces callgéd2)S;-open sets and
study some of their properties. A few propertie§2)S,-open sets with respect (@, 2)a-subspaces are
also studied.

Definition 2.1. A (1, 2)semi-open subset of a bitopological spac€X, 74,1, ) is said to b&1, 2)S,-open if
for eachx € A there exists &1, 2)pre-closed sef such thatkc € F € A.
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The complement of @1, 2)S,-open sets is @1, 2)S;-closed set and the family of &, 2)S,-open (resp.
(1,2)S,-closed) subsets df is denoted by1, 2)S,0(X) (resp.(1, 2)S,CL(X)).

Proposition 2.2. A subsetA of a bitopological spacéX,t,7,) is (1,2)S,-open if and only ifA is
(1,2)semi-open and it is the union @f, 2)pre-closed sets.
Proof. Obvious.

The following example shows that semi-open setsl neé be sopen.

Example 2.3. Let X = {a,b,c,d} with 7, = {¢,X,{d},{a,d},{b,d},{a,b,d}} andt, = {¢, X, {c}}. Then
(1,2)s0(X) = {¢, X, {d},{a,d},{b,d},{a, b,d},{c,d},{a,c,d},{b,c,d}} and (1,2)S,0(X) = {¢,X}. Here
{d},{a,d},{b,d} and{a, b, d} are(1, 2)semi-open sets but n@t, 2)S,-open sets.

The following theorem shows that arbitrary uniorn(bf2)S,-open sets i1, 2)S,-open.

Theorem 2.4. Let {4,:a € A} be a family of(1,2)S,-open sets in a bitopological spaCg t4,7,). Then
Uaer4q Is also &1, 2)S,-open set irk.

Proof. The arbitrary union of1, 2)semi-open sets i€l, 2)semi-open7]. Suppose that € Ugep 4, this
implies that there exists ar, € A such thatx € 4,, and asd,  is a(1,2)S,-open set, so there exists a

(1,2)pre-closed séf in X such thatc € F © A, S UgepAq; ThereforelUqea Aq is a(l, 2)S;-open set.

Remark 2.5. From the above Theorem, we can say that any edgos of (1,2)S,-closed sets of a
bitopological spac€X, t,1,) is (1, 2)S,-closed.

The following example shows that the intersectibtnwm (1, 2)S,-open sets need not b&B 2)S;-open
set.

Example 2.6. Let X = {a, b, c,d} with t; = {¢, X, {a},{b},{a, b}} andt, = {¢, X,{a, b,d}}. Then{a,c,d}
and{b, c,d} are(1, 2)S,-open sets iX but{a,c,d} n {b,c,d} = {c,d} is not(1, 2)S,-open set.

Proposition 2.7. A subset; in the bitopological spack is (1, 2)S,-open, if and only if for eachk € G there
exists a1, 2)Sy-open seH such thak € H € G.

Proof: LetG be a(1, 2)S;-open set irk. Then, for eacl € G, we haves is a(1, 2)S,-open set containing
such thatr € G € G.

Conversely; suppose that for eaclE G there exists &1, 2)S,-open set{ such thatx € H € G, thenG is
the union of(1, 2)S,-open sets. Hence by Theorem Z:4s (1, 2)S,-open.

Remark 2.8. Shareef[8] proved that every regular-closed set jofen and every regular-open set js S
closed in any topological space. But in bitopolagispace(X,t,,7,), we are going to see that the pair
(1, 2)regular-closed sets arfd, 2)S,-open sets also the pdit, 2)regular-open sets ar(d, 2)S;-closed sets
are independent.

Example 2.9. Let X = {a,b,c,d} with 7, = {¢,X,{d},{a,d},{b,d},{a,b,d}} andt, = {¢, X, {c}}. Then
(1,2)S0(X) = {¢,X,{d},{a,d},{b,d},{a,b,d},{c,d},{a,c,d},{b,c,d}},(1,2)ROX) = {¢,X,{a,b,d}},
(1,2)RC(X) = {¢, X, {c}} and(1, 2)S,0(X) = {¢, X}. Then herdc} € (1,2)RC(X) but not a(1, 2)S,-open
set anda, b,d} € (1,2)RO(X) but not a(1, 2)S,-closed set.

Example 2.10. Let X = {a,b,c,d}with 7, = {¢,X,{a},{a,c},{b,c,d}} and 7, = {¢, X,{b,c},{a,b,c}}.
Then:

(1,2)5,0(X) = {¢,X,{a}, {a,c},{a,b,c},{a,c,d},{b,c,d}},

(1,2)RO(X) = {¢,X,{a}, {b,c,d}} = (1,2)RC(X). Here,{a,c} € (1,2)S,0(X) but {a,c} & (1,2)RC(X)
and{d} € (1,2)S,C(X) but{d} ¢ (1,2)RO(X).

Proposition 2.11. If a spaceX is ultra Ti-space, thefl, 2)S,0(X) = (1,2)S0(X).
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Proof. It is true, since every singleton se(is2)a-closed in an ultra Tspace and everil, 2)a-closed set
is (1, 2)pre-closed.

In [7] it was shown that the family of glil, 2)semi-open subsets of a bitopological sp@¢er,,7,) is
closed with respect to arbitrary union, but thesiséction of any twd1,2)semi-open sets need not be
(1,2)semi-open. So normally the family 6f, 2)semi-open sets is not a topology. This gives thieviing
preposition.

Proposition 2.12. If the family of (1,2)semi-open sets forms a topology, then the family adf
(1, 2)S,-open sets is also a topology.
Proof. Obvious.

Corollary 2.13. Let (X, 74,7,) be a bitopological space andXifbe (1, 2)a-extremally disconnected. Then
(1,2)$,0(X) forms a topology owx.
Proof. Follows from Theorem 1.9 and Proposition 2.12.

Proposition 2.14. If a spaceX is (1, 2)a-hyperconnected, then the orfll, 2)S,-open sets iX are¢ andX.
Proof. Suppose thal € X such tha#d is (1,2)S,-open set irX. If A = X, then there is nothing to prove. If
A # X, then we need to prové = ¢. SinceA is (1,2)S,- open set inX, X\A € X\F, but asX\4 is
(1,2)semi-closed,(1, 2)sCI(X\A) = (X\ A). As X is (1, 2)a-hyperconnected, then Hy], (1,2)sCI(X\
A) =X = (X\A4). ThusX\A4 = X, this implies tha#l = ¢. Hence the only1, 2)S,-open sets oX are¢ and
X.

Let us, define a subspace of a bitopological spas&gven below.

Definition 2.15. A bitopological spacé€Y, a;,0,) is called a bitopological subspace of a bitopaabspace
(X,14,72), If Y € X andg; is a relative topology to; onY fori = 1, 2.

Remark 2.16. Let(Y, 0y, 0,) be a bitopological subspace(df, t,,7,). Then:
1. Ifasubsetl is (1,2)S,-open set relative t, thend need not always b@, 2)S;-open inX.
2. If Ais(1,2)S,-open inX, thend N Y need not b1, 2)S;-open inY.

The above results are justified by the followinguetples:

Example2.17. Let X ={a,b,c,d} and lett, = {¢, X, {a}, {b},{c},{a,b},{a,c} {a d},{b,c} {a c d},
{a,b,c},{a, b,d}} andr, = {¢, X}. Then(1,2)S,0(X) = {¢, X, {b},{c}, {b,c},{a,d},{a,c,d},{a,b,d}}.
LetY = {a, b, c}, thenog; = {¢,Y,{a}, {b},{c},{a, b}, {a,c},{b, c}} ando, = {¢,Y}. Then

(1,2)5,0(Y) = {¢,Y,{a}, {b},{c},{a, b}, {a, c},{b, c}}, here{a, b} € 5,0(Y) but not in(1, 2)S,0(X).

Example 2.18. Let X ={a,b,c,d}, 1, ={¢,X,{c},{a, b}, {a b,c},{a b,d}} and 1, ={¢,X}. Then
(1,2)5,0(X) = {¢,X,{c},{a,b},{a,b,c},{a,b,d}}. If Y = {a,c,d}, theno; = {¢,V,{a},{c},{a,c},{a, d}}
ando, = {¢,Y}, now(1,2)S,0(Y) = {¢,Y,{c},{a,d}}. Seed = {a, b} € (1,2)S,0(X), butAnY = {a} ¢
(1,2)S,0(Y).

Definition 2.19. A bitopological spacéX, t,,7, ) is said to be;-locally indiscrete if every,-open subset
of X ist; -closed.

Proposition 2.20. If a bitopological spac# is t;-locally indiscrete, then eveny-open set i1, 2)S,-open.

Proof: Let A be ar;-open set inX. ThenA € 1,1, — Cl(7;Int(A)) this implies that is (1, 2) semi-open
set inX. SinceX is 7;-locally indiscrete so by Definition 2.14, is alsor,-closed and then it is,7,-closed
set too. Thugl = v — Int(A) = 7,7, — Cl(7; — Int(A)) this implies tha#l is (1, 2)S;-open set.

3. (1,2)S,-Operations
Definition 3.1. A subsetV of a bitopological spacgX, 7,,7,) is called(1, 2)S,-neighborhood of a subsat
of X, if there exists aql, 2)S,-open seU such thal € U € N.
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For any{x} € X, we say thal, represent$1, 2)S,-neighborhood ok.

Definition 3.2. A pointx € X is said to be &1, 2)Sy-interior point of4, if there exists &1, 2)S,-open seU
containingx such thatc € U € A. The union of al(1, 2)S,-open sets contained #is said to b&1, 2)S;-
interior of A and it is denoted b, 2)S;-int(A).

Proposition 3.3. Let A be any subset of a bitopological spacéf a pointx is a(1, 2)Sy-interior point of4,
then there exists @, 2)pre-closed seff of X containingx such thaF c A.

Proof. Suppose that € (1, 2)S;-int(A). Then, there exists@, 2)S,-open seU of X containingx such that
U < A. SinceU is a(1, 2)S,-open set, then there exist§1a2)pre-closed sef containingx such that

F € U c A. This implies thaF < A.

Proposition 3.4. If A andB are any subsets of a bitopological sp&céhen:
() (1,2)Syint(¢p) = ¢, and(1, 2)Sy-int(X) = X.

(i) (1,2)Syint(A4) < A.

(i) If A € B, then(1, 2)Sy-int(4) < (1, 2)Sy-int(B).

(iv) (1,2)Syint(4) U (1,2)Sy-int(B) < (1,2)S,-int(A U B).

(V) (1,2)Syint(A N B) € (1,2)Sy-int(4A) n (1,2)Sy-int(B).

(Vi) (1,2)Syint(A\B) < (1, 2)Syint(A)\(1, 2)Sy-int(B).

Proof. Obvious.

The converse of (iii), (iv), (v) and (vi) need r# true always as shown in the following examples:
Example 3.5: LetX = {a,b,c,d}, 1, = {¢,X,{a}, {c},{b,c,d},{a,c}} andt, = {¢, X,{b,c},{a, b, c}}. Then
(1,2)$,0(X) = {¢, X, {a}, {b,c,d}}.

(iii) Let A={a,b}, B ={acd}. Then (1,2)Srint(4) ={a} and (1,2)Srint(B) ={a}, now

(1,2)Syint(A) = {a} = (1, 2)Sy-int(B), butA & B.

(iv) Let A={b,d} and B ={a,c}. Then (1,2)Ssint(4) =¢ and (1,2)Ssint(B) = {a}, now

(1, 2)Sy-int(A) U (1, 2)Sy-int(B) = {a} andA U B = X implies that(1, 2)S,-int(A U B) = X, then it is clear
that(1,2)Sy-int(A U B) € (1, 2)Sy-int(4) U (1, 2)Sy-int(B).

(v) LetA = {a,b,d} andB = {qa,c,d}. Then(1,2)Sy-int(4) = {a} and(1, 2)S,-int(B) = {a}, now(1,2)S,-

int(4) N (1,2)Sy-int(B) = {a}, while AnB = {c}, and then(1,2)S,-int(ANB) = ¢ this implies that
(1,2)Syint(A) n (1,2)Sy-int(B) £ (1, 2)Sy-int(4 N B).

(vi) Let A= {b,c,d} andB = {a, c¢,d}. Then(1,2)Syint(4) = {b,c,d} and (1,2)S,-int(B) = {a}, now

(1, 2)Sy-int(A)\ (1, 2)Sy-int(B) = {b,c,d}, but A\B = {b} and (1,2)S,-int(A\B) = ¢ this implies that
(1, 2)Sy-int(A)\(1, 2)Sy-int(B) £ (1, 2)S,-int(A\B).

Definition 3.6. Let A be a set in a bitopological spaeA pointx € X is in (1, 2)S;-closure of4 if and only
if AnU # ¢, for every(1,2)S,-open setU containingx. The intersection of al(1, 2)S;-closed sets”
containingd is called thg1, 2)S,-closure ofd and is denoted b1, 2)S,-cl(A).

Proposition 3.7. Let A be any subset of a bitopological spacdf A n F # ¢ for every(1, 2)pre-closed set
F of X containingx, then the point is in the(1, 2)S;-closure ofA.

Proof. Let U be any(1, 2)S,-open set irX containingx. Then, there exists@, 2)pre-closed sef such that
x € F € U. Now, if by hypothesigl be any subset df such thatd n F = ¢, for every(1, 2)pre-closed set
F of X containingx, then AnU # ¢, for every (1,2)S,-open setU of X containing x; therefore

x € (1,2)S,cl(4).
Theorem 3.8. If F andE are any two subsets of a bitopological spacten:

(i) (1,2)S-cl(¢) = ¢ and (1, 2)Scl(X) = X.
(i) F < (1, 2)S-cl(F).
(i) If F € E, then (1, 2)gcl(F) € (1, 2)S-cl(E).
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(iv) (1, 2)Scl(F)u (1, 2)S-cl(E) < (1, 2)S-CI(F VE).
V) (1, 2)Scl(FNE)c (1, 2)S-cl(F)n (1, 2)S-cl(E).
Proof. Obvious.

In general, for any closure operatdfF) U cl(E) = cl(F U E) and for most of the closure operators
cl(F)ncl(E) # cl(F N E). In the case of (1, 2)S8losure operator, the equality sign need not faidoth
the cases and it is justified by the following exden This obviously leads to the conclusion, that
(1,2)S-closure is not a Kuratowski’s operator.

Example 3.9. In Example 3.5(1, 2)S,0(X) = {¢,X,{a, c,d},{b,c,d}} and(1, 2)S,C(X) = {¢, X, {a}, {b}}.
Now if we take F = {a} and E = {b}, then (1,2)S,-cl(F) = {a} and (1,2)S,-cl(E) = {b}, (1,2)Sy
cl(F) U (1,2)S,-cl(E) = {a,b} and (1,2)S,cl(FUE) =X. It follows that (1,2)S,cl(F)uU (1,2)S;-
cl(E) # (1,2)S,-CI(F VE).

Again if we takeF = {a,b} andE = {a, c,d}, we get tha(1, 2)S,-cl(F) = X and(1,2)S,-cl(E) = X, and
then (1,2)S,-cl(F) N (1,2)S,cl(E) =X, but (1,2)S;cl(FNE)={a}. This implies that
(1, 2)S,-cl(F) n (1,2)S,-cl(E) # (1,2)S,cl(F N E).

Proposition 3.10. For any subset of bitopological spac#. Then the following statements are true:

(1) X\(1, 2)S-cl(4) =(1, 2)S-int(X\A).

(i) X\(1, 2)S-int(4) =(1, 2)S-cl(X\A4).

(iii) (1, 2)Syint(4) = X\(1, 2)S-cl(X\A).

Definition 3.11. Let A be a subset of a topological spateA pointx € X is said to be (1, 2)Simit point of
A if for each (1, 2)popen set containingx, U N (A\{x}) # ¢. The set of all (1, 2)dimit point of 4 is
called (1, 2)sderived set ol and is denoted by (1, Z}8(4).

Proposition 3.12. Let A be any subset of a bitopological spacdf F n (A\{x}) # ¢, for every (1, 2)pre-
closed sef containingx, thenx € (1, 2)S-D(4).

Proof: Let the hypothesis be satisfied andUdbe any (1, 2)sopen set containing. Then there exists a (1,
2) pre-closed sdt such thatx € F € U. Now, the hypothesiB N (A\{x}) # ¢ implies thatU N (A\{x}) #
¢, and sox € (1, 2)S-D(4).

Proposition 3.13. If a subse# of a bitopological spack is (1, 2)$-closed, them contains the set of all of
it's (1, 2)S-limit points.

Proof. Suppose thad is (1, 2)$-closed set, theX\A4 is (1, 2)S-open set. Thud is (1, 2)$-closed if and
only if each point oX\A4 has (1, 2)sneighborhood contained X\A4, that is if and only if no point of\A
is (1, 2)$-limit point of 4, or equivalently thatl contains each of its (1, Z}#mit points.

Proposition 3.14. Let A and B be subsets of a bitopological spakelf A € B, then (1, 2)§D(4) <
(1, 2)$-D(B).

Proof: Obvious.

Theorem 3.15. Let X be a bitopological space adde a subset of. Then:

(i) AU (1, 2)S-D(4) is S-closed set.

(i) (1, 2)$-D((L, 2)$-DAN\A € (1, 2)$-D(A).

(i) (1, 2)S-D(AU(1,2)S-D(4)) € AU(1, 2)S-D(A4).

Pr oof.

(i) Let x€AU(1,2)S-D(4). Thenx ¢ A and x & (1,2)§-D(4). This implies that there exists a
(1,2)S-open selv, in X which contains no point of other thanx. Butx & A, SoN, contains no point
of A, which implies thatv, © X\A. Again,N, is a (1,2)gopen set and it is a (1, Z}$eighborhood of
each of its points. Alsdy, does not contain any point afimplies no point oV, can be a (1, 2)Simit
point of A. Therefore, no point oW, can belong to (1,2)8D(A), this implies thatV, € X\(1, 2)$-
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D(4). Hence, it follows that € N, © (X\A4) N (X\(1,2)S-D(4)) € X\ (4 U(1,2)S-D(4)). Therefore,
AU(l, 2)S-D(4) is (1, 2)S-closed.

(i) If xe (1,2)§D((1,2)S-D(A)\A and U is a (1,2)gopen set containingx, then
UNn((1,2)S-DA\{x}) #¢p. Let yeUn((1,2)S-DA)\{x}) implies that yeU and
y €(1, 2)S-D(A)\{x}, thenU n (A\{y}) # ¢. Letze Un (A\{y}) andz # x for z€ A andx ¢ A
implies thatU N (A\{x}) # ¢; thereforex €(1, 2)S-D(4).

(iii) It follows from part (i) and Proposition 3.13.

Theorem 3.16. Let A be a subset of a spakeThen (1, 2)gcl(4) = AU (1, 2)S-D(4).

Proof. Since (1,2)§D(4) € (1, 2)S-cl(4) andA < (1, 2)S-cl(A4) this implies thatd U (1, 2)S-D(4) <
(1, 2)S-cl(4). Again, since (1, 2)scl(4) is the smallest (1, 2)®losed set containingd. But
AU (1, 2)S-D(A) is (1, 2)$-closed set containing. Thus (1, 2)gcl(4) € AU (1, 2)S-D(A). Hence
(1, 2)S-cl(4) = AU (1, 2)S-D(4).

Theorem 317, Let X be any bitopological space andl be a subset ofX. Then
(1, 2)S-int(4) = A\(L, 2)$-D(4)

Proof: Obvious.
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